CHAPTER

Principal Values and Domains of Inverse
Trigonometric/circular Functions

Function Domain Range
n T
@) | y=sin'x -1<x<1 ——<y<—
2 2
(ii) | y=cos ' x —1<x<1 0<y<m
(i) | y=tan ' x xeR —£<y<E
2 2
(i) | y = cosec! x x<-lorx>1 —§<ys§;y¢0
(v) |y=sec x x<-lorx>1 OSySn;yig
(vi) |y =cot ' x xeR 0<y<m

Properties of Inverse circular Functions

P-1:

(i) y=sin(sin”' x)=x,x € [-1, 1],y € [-1, 1], y is aperiodic.

(if) y=cos(cos'x)=x,x e [-1,1],y € [-1, 1], y is aperiodic.

(iif) y=tan (tan'x)=x,x € R, y € R, y is aperiodic.

(iv) y=cot(cot'x)=x,x € R,y € R,y is aperiodic.

(v) y=cosec (cosec™' x)=x, |x|>1,|y]|>1,yis aperiodic.

(vi) y=sec(sec'x)=x,|x|>1;|y|>1,yis aperiodic.

P-2:

(i) y=sin!(sinx),x e R,y €
2m.

—E, T\ Periodic with period
22

(i) y=cos! (cosx),x e R,y

€ [0, r], periodic with period 2.
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(iii) y=tan! (tanx),x € R — S(ene I
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(iv) y=cot! (cotx),x € R —
with period 7.

y

{nm}, n € I,y € (0, 1), periodic

(v) y = cosec’! (cosec x),

x € R—-{nn}, n e I,y e

—E, 0(u]oO, T y, is periodic with period 27.
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(vi) y=sec! (secx),y is periodic with period 27 x—y

tan’]1 ,xp > -1
XER—{(2}1_l)g},HEIvye{Ongju(E7ﬁ:| +xy

2 _
n+tanl£x yj,
1+ xy

y (i) tan'x—tan' y=
wherex >0,y >0and xy < —1
...................... N e i
& ! {”J’N ! 2N —Tc+tan'l(x y}
1//(\’*‘ : Lb\\\ ,,% : 9/} 1+Xy
) ! ! ! ¢ ! ! ! G where x <0, y < Oand xy > 1
| | | | | |
| | | | | | x
21 3n - b3 (6] n n 3n 2n -1 N | 2 B
= -3 > 5 (@ii) sin™' x +sin" y =sin (x\/l—y +y\/1—x ),
where x>0,y >0 & (x> +)?) <1
. , , n
P-3: Note that: x> +)?<1 = 0<sin!'x+sin!y< B
(i) cosec! x=sin"! —; x<—1,x>1
x (i) sin”! x +sin!y=m - sin”! (x\/l -y + y\/l -x),
(ii) sec™! x =cos™! l; x<—1,x>1 where x >0,y >0 and x* +y?> 1.
X
Tc . .
1 Note that: x> +3?>1 = — <sin'x+sin!y<mn.
-1 2
tan- —; x>0
g x
(i) ot " x = et 1 -0 (v) sin”!x—sin!y =sin’! [x\/l—y2 —y\/l—xz]
— X
X where x >0, y > 0.

P-4: (vi) cos ' x+cos™' y=cos™! (xy—\ll—x2 J1-)° ); x,y20
(@) sin! (x)=—sin"'x, -1 <x<1 (vii) cos ' x—cos! y=

. -1 - .
(i) tan! (x)=—tan ' x,x € R cos’l(xy+ -2 ll—yZ), x>0,y >0andx <y

(iif) cos ' (=x)=m—cos'x,—1<x<1

@iv) cot!(x)=m—cot!lx,xeR ~cos™ (xy+ 1= l—yz),x>0,y>0andx>y
(v) sec!' (x)=n—sec!x,x<-lorx>1

- - - Gl x+ty+z—xpz
(vi) cosec™! (—x)=—cosec!x,x<-lorx>1 (viii) tan! x +tan"! y + tan"! z = tan™! AryrEmNE
l—xy—yz—zx

P-5: ifx>0,y>0,z>0&xy+yz+zx<1.

N L. Note that: In the above results x & y are taken positive. In
() sin x+cos x=—T; -1<x<1 ) - .
2 case if these are given as negative, we first apply P-4 and
T then use above results.
(i) tan'x+cotlx=—; xeR
2

Simplified Inverse Trigonometric Functions

(iii) cosec!x +sec!x= g; [x|>1 2y 2tan”" x if  |x[<1
b6: (@) y=£x)=sin"! (1+x2)= n—2tan" x if x>1
e ~(m+2tan"' x) if x<-1
tan ' XY y
- ’ \
- /2
wherex >0,y > 0and xy <1 V4
I\ D
() tan"'x+tan y={m+tan ' L !
- I fo 1 —
wherex >0,y >0and xy > 1 D\
I 1
g , wherex >0,y >0and xy =1 s
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1—x2 2tan” xif x>0
(b) y=fix)=cos™ =

1+ x° 2tan xif x<0

D . _1'5{2 1
- 1o 1 -
5 2tan”' x if
(¢) y=fix)=tan™! 1 x2 =|n+2tan"' x if
-Xx
—~(n-2tan"" x) if
Ied
/2

(d) y=fx)=sin"! 3x —4x3)

—(m+3sin” x) if —ISxS—%
=|3sin™ x if —leSl
2 2
. . 1
n—3sin x if —<x<I1
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Inverse Trigonometric Functions

@

|x| <1
x<-—1

x>1

(e) y=£x)=cos! (4x> —3x)

3cos”! x—2n if —lsxs—%
4 . 1 1
—|2n—3cos” x if ——<x<—
2 2
- L1
3cos x if Eﬁxﬁl

—(n+2sin”" x)

) sin™ (2x\/1 -x’ ) =|2sin”" x

n—2sin" x
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